In this paper, we obtain a sharp lower bound estimate for the first nonzero eigenvalue of the Folland-Stein operator ᏸ c , |c| ≤ n, on a closed pseudohermitian (2n + 1)-manifold M. This generalizes the first nonzero eigenvalue estimates of the sublaplacian and Kohn Laplacian.
Introduction
Let (M, J, θ) be a closed pseudohermitian (2n + 1)-manifold (see the next section for basic notions in pseudohermitian geometry). A. Greenleaf [1985] , S.-Y. Li and H.-S. Luk [2004] , and H.-L. Chiu [2006] proved the sharp lower bound of the first positive eigenvalue λ 2 Tor](Z , Z ) ≥ k Z , Z for all Z ∈ T 1,0 , some positive constant k, on a closed pseudohermitian (2n + 1)-manifold with the nonnegative CR Paneitz operator P 0 if n = 1 (also see [Chang and Wu 2010] ).
Very recently, S. Chanillo, H.-L. Chiu and P. Yang [Chanillo et al. 2012 ] obtained the sharp lower bound of the first positive eigenvalue λ n 1 of the Kohn Laplacian b on a pseudohermitian (2n+1)-manifold M with n = 1, 2. Later, S.-C. Chang and the author [Chang and Wu ≥ 2013] proved the same result for n ≥ 3. They showed that λ n 1 ≥ 2nk n + 1 if Ric(Z , Z ) ≥ k Z , Z for all Z ∈ T 1,0 , some positive constant k, on a closed pseudohermitian (2n + 1)-manifold M with nonnegative CR Paneitz operator P 0 if n = 1. Note that there is no assumption involving the pseudohermitian torsion.
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In this paper, we generalize the first nonzero eigenvalue estimates of the sublaplacian b and Kohn Laplacian b to the Folland-Stein operator ᏸ c . First we need some definitions.
which is an operator that characterizes CR-pluriharmonic functions ( [Lee 1988] for n = 1 and [Graham and Lee 1988] for n ≥ 2). Here
and Pϕ = (P β ϕ)θ β , the conjugate of P. Moreover, we define
which is the so-called CR Paneitz operator P 0 . Here δ b is the divergence operator that takes (1, 0)-forms to functions by
, then the formal adjoint of ∂ b on functions (with respect to the Levi form and the volume form θ ∧ (dθ ) n ) is ∂ * b = −δ b . We observe that P 0 is a real and symmetric operator and
Definition 1.2. We say that the Paneitz operator P 0 with respect to (J, θ ) is nonnegative if, for all C ∞ smooth functions ϕ,
is a closed pseudohermitian 3-manifold with vanishing pseudohermitian torsion, the corresponding CR Paneitz operator is nonnegative [Chang et al. 2007 ]. Unlike n = 1, let (M, J, θ ) be a closed pseudohermitian (2n + 1)-manifold with n ≥ 2. The corresponding CR Paneitz operator is always nonnegative as in (3-4). Definition 1.4 [Graham and Lee 1988] . Let (M, J, θ ) be a closed pseudohermitian (2n + 1)-manifold. We define the purely holomorphic second-order operator Q by
Note that [T, b ] = 2 Im Q and
Now we consider, for c ∈ ‫,ޒ‬ the self-adjoint operators
with |c| ≤ n. By a result in [Folland and Stein 1974] , each ᏸ c , |c| < n, is a subelliptic operator of order 1 2 ; hence ᏸ c has a discrete spectrum tending to +∞. In the following we can obtain a sharp lower bound for the first nonzero eigenvalue λ c 1 of the Folland-Stein operator ᏸ c , c ∈ ‫ޒ‬ with |c| ≤ n, on a closed pseudohermitian (2n + 1)-manifold.
for a positive constant k and for all Z ∈ T 1,0 . In addition we assume the Paneitz operator P 0 is nonnegative if n = 1. Then the first nonzero eigenvalue of ᏸ c , |c| ≤ n, must satisfy
Note that the constant in the torsion tensor term in assumption (1-2) depends on the variable c. In the standard pseudohermitian (2n + 1)-sphere (S 2n+1 ,Ĵ ,θ ) with the induced CR structureĴ from ‫ރ‬ n+1 and the standard contact formθ , we can show that the lower bound in Theorem 1.5 is sharp (see Section 4).
In particular, when (M, J, θ ) is a closed pseudohermitian 3-manifold with vanishing pseudohermitian torsion, the corresponding CR Paneitz operator P 0 is nonnegative. Corollary 1.6. Let (M, J, θ ) be a closed pseudohermitian (2n + 1)-manifold with vanishing pseudohermitian torsion. Suppose that
for a positive constant k and for all Z ∈ T 1,0 . Then the first nonzero eigenvalue of ᏸ c , |c| ≤ n, must satisfy
Moreover, when c = n, the operator ᏸ n is just the Kohn Laplacian:
for a positive constant k and for all Z ∈ T 1,0 . In addition we assume the Paneitz operator P 0 is nonnegative if n = 1. Then the first nonzero eigenvalue of the Kohn Laplacian b must satisfy
When c = 0, the operator ᏸ 0 is just the sublaplacian b ; i.e., ᏸ 0 = b .
for a positive constant k and for all Z ∈ T 1,0 . In addition we assume the Paneitz operator P 0 is nonnegative if n = 1. Then the first nonzero eigenvalue of the sublaplacian b must satisfy
Further, we study the case when a sharp lower bound estimate of ᏸ c , |c| ≤ n, is achieved in Section 4. Proposition 1.9. Under the same conditions as in Theorem 1.5, if we assume the first nonzero eigenvalue of ᏸ c , 0 < |c| ≤ n, satisfies
for a corresponding eigenfunction ϕ c of ᏸ c with respect to λ c 1 and with ϕ c , ϕ c = 1, then the eigenfunction ϕ c will satisfy
thus we also have
1 and i T ϕ c , ϕ c = 0 for c = 0. When c = n, from (1-4), we get that ∂ b ϕ n = 0 and thus b ϕ n = 0. This implies that the corresponding eigenfunction ϕ n of ᏸ n = b with respect to λ n 1 will also satisfy
This yields that ϕ n achieves a sharp lower bound for the first nonzero eigenvalue of the sublaplacian b . Furthermore, it can be showed the pseudohermitian torsion A αβ of M is zero; thus (M, J, θ ) is the standard pseudohermitian (2n + 1)-sphere (S 2n+1 ,Ĵ ,θ) (see [Chang and Wu ≥ 2013] for details).
Basic materials
Let us give a brief introduction to pseudohermitian geometry (see [Lee 1988 ] for more details). Let (M, ξ ) be a (2n + 1)-dimensional, orientable, contact manifold with contact structure ξ , dim R ξ = 2n. A CR structure compatible with ξ is an endomorphism J : ξ → ξ such that J 2 = −1. We also assume that J satisfies the following integrability condition: if X and Y are in ξ , then so is
A CR structure J can extend to ‫ރ‬ ⊗ ξ and decomposes ‫ރ‬ ⊗ ξ into the direct sum of T 1,0 and T 0,1 , which are eigenspaces of J with respect to i and −i, respectively. A pseudohermitian structure compatible with ξ is a CR structure J compatible with ξ together with a choice of contact form θ . Such a choice determines a unique real vector field T transverse to ξ , called the characteristic vector field of θ , such that θ (T ) = 1 and ᏸ T θ = 0 or dθ (T, · ) = 0. Let {T, Z α , Zᾱ} be a frame of TM⊗‫,ރ‬ where Z α is any local frame of T 1,0 , Zᾱ = Z α ∈ T 0,1 and T is the characteristic vector field. Then {θ, θ α , θᾱ}, which is the coframe dual to {T, Z α , Zᾱ}, satisfies
for some positive definite hermitian matrix of functions (h αβ ). Actually we can always choose Z α such that h αβ = δ αβ ; hence, throughout this paper, we assume h αβ = δ αβ .
The Levi form , is the Hermitian form on T 1,0 defined by
We can extend , to T 0,1 by defining Z , W = Z , W for all Z , W ∈ T 1,0 . The Levi form induces naturally a Hermitian form on the dual bundle of T 1,0 , also denoted by , , and hence on all the induced tensor bundles.
The pseudohermitian connection of (J, θ ) is the connection ∇ on TM ⊗ ‫ރ‬ (and extended to tensors) given in terms of a local frame Z α ∈ T 1,0 by
where ω α β are the 1-forms uniquely determined by the following equations:
We can write τ α = A αβ θ β with A αβ = A βα . The curvature of the Webster-Stanton connection, expressed in terms of the coframe {θ = θ 0 , θ α , θᾱ}, is
Webster showed that β α can be written as
where the coefficients satisfy
We will denote components of covariant derivatives with indices preceded by comma; thus write A αβ,γ . The indices {0, α,ᾱ} indicate derivatives with respect to {T, Z α , Zᾱ}. For derivatives of a function, we will often omit the comma, for instance, ϕ α = Z α ϕ, ϕ αβ = Zβ Z α ϕ − ω α γ (Zβ)Z γ ϕ, ϕ 0 = T ϕ for a (smooth) function ϕ. Let the Cauchy-Riemann operator ∂ b be defined locally by ∂ b ϕ = ϕ α θ α , and let ∂ b be the conjugate of ∂ b . For a function ϕ, the subgradient ∇ b is defined locally by ∇ b ϕ = ϕ α Z α + ϕ α Zᾱ. The sublaplacian b , the Kohn Laplacian b , and the Folland-Stein operator ᏸ c on functions are defined by
The Webster-Ricci tensor and the torsion tensor on T 1,0 are defined by
where
Proof of Theorem 1.5
Let (M, J, θ) be a closed pseudohermitian (2n+1)-manifold. In this section, we can obtain lower bound estimates for the first nonzero eigenvalue of the Folland-Stein operator ᏸ c , |c| ≤ n, on a closed pseudohermitian (2n + 1)-manifold.
First we need the following Bochner formula for the Kohn Laplacian [Chanillo et al. 2012, Equation (2.8 
)]).
Lemma 3.1. For any complex-valued function ϕ, we have
First we derive some useful identities which we need in the proof of Theorem 1.5. Let ϕ be a smooth complex-valued function on M. By integrating the Bochner formula (3-1), we have
We also have
Here we used the following divergence formula [Graham and Lee 1988] for the trace-free part of ϕ αβ :
That is,
Then we integrate both sides to get
Taking together the two formulas (3-2) and (3-3), we get
By taking complex conjugate to (3-5) and replacing ϕ by ϕ, one obtains
From the formula (1-1), we have
By (1-1), we can also obtain
Proof of Theorem 1.5. Let ϕ c be an eigenfunction of the Folland-Stein operator ᏸ c , c ∈ ‫ޒ‬ with |c| ≤ n, with respect to the first nonzero eigenvalue λ c 1 ; i.e., ᏸ c ϕ c = λ c 1 ϕ c . When 0 ≤ c ≤ n, from (3-6) and (3-7) for
where we used the equation
since Qϕ c , ϕ c is real, and thus Qϕ c , ϕ c = 2 i A αβ ϕ cα ϕ c β = −2 i A αβ ϕ cα ϕ cβ . Hence, if P 0 is nonnegative and
we have
which shows that λ c 1 ≥ n+c n+1 k. When −n ≤ c < 0, from (3-5) and (3-8), the same computation shows that
Thus, if P 0 is nonnegative and
we get
This completes the proof of Theorem 1.5.
Example and proof of Proposition 1.9
In this section, we calculate the eigenvalues of sublaplacian b , Kohn Laplacian b , and the Folland-Stein operator ᏸ c , |c| ≤ n, of the standard pseudohermitian (2n+1)-sphere S 2n+1 . We show that the lower bound in Theorem 1.5 is sharp. We also study the case when a sharp lower bound estimate of ᏸ c , |c| ≤ n, is achieved. Let S 2n+1 = (z 0 , z 1 , . . . , z n ) | n j=0 z j z j = 1 ⊂ ‫ރ‬ n+1 with the induced CR structure from ‫ރ‬ n+1 and the contact form θ = i 2 (∂u−∂u)| S 2n+1 where u = n j=0 z j z j −1 is a defining function. It can be shown that the pseudohermitian torsion is free and the Webster-Ricci tensor is given by R αβ = (n + 1)h αβ .
We write
We let · denote the dot product. Then, by the computation in Section 1 of [Geller 1980 ], we have
where = n j=0 ∂ j ∂ j is the standard Laplacian on ‫ރ‬ n+1 . In particular, we have
If Y is a bigraded spherical harmonic of type ( p, q) on ‫ރ‬ n+1 (a harmonic polynomial which is a linear combination in terms of the form z ρ z γ , where ρ, γ are multiindices with |ρ| = p, |γ | = q), then ᏸ c Y = 2 pq + (n + c)q
This example shows that the lower bound in Theorem 1.5 is sharp. Now we study the case when a sharp lower bound estimate for the first nonzero eigenvalue of the Folland-Stein operator ᏸ c , |c| ≤ n, on a pseudohermitian (2n +1)-manifold M is achieved. We only consider the case when the constant c is nonnegative. The same computation follows when c is negative.
First, from (3-9), we have the following observation. 
